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Exercise. Let M denote the additive group Z ⊕ (Z/2Z) and let End(M) denote the set of homo-
morphisms ϕ : M → M . Show that End(M) is infinite and noncommutative.

Solution.
Let ϕk : M → M be defined by ϕk((a, b)) = (ka, b). Then

ϕk((a, b) + (c, d)) = ϕk((a+ c, b+ d))
= (k(a+ c), b+ d)
= (ka+ kc, b+ d)
= (ka, b) + (kc, d)
= ϕk((a, b)) + ϕk((c, d))

=⇒ ϕk ∈ End(M) ∀k ∈ Z
=⇒ End(M) is infinite.

Now let ϕ : M → M be defined by ϕ((a, b)) = (a+ b, b)

ϕ((a, b) + (c, d)) = ϕ((a+ c, b+ d))
= (a+ c+ b+ d, b+ d)
= (a+ b, b) + (c+ d, d)
= ϕ((a, b)) + ϕ((c, d))

=⇒ ϕ ∈ End(M)

Let ψ : M → M be defined by ψ((a, b)) = (a, 0).

ψ((a, b) + (c, d)) = ψ((a+ c, b+ d))
= (a+ c, 0)
= (a, 0) + (c, 0)
= ψ((a, b)) + ψ((c, d))

=⇒ ψ ∈ End(M)
But ϕ ◦ ψ((2, 1)) = ϕ(2, 0) = (2, 0)
and ψ ◦ ϕ((2, 1)) = ϕ(3, 1) = (3, 0)
=⇒ ϕ ◦ ψ((2, 1)) ̸= ψ ◦ ϕ((2, 1))

=⇒ End(M) is noncommutative
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